XUV nonlinear spectroscopy has recently discovered that there is more than one collective dipole resonance state in the energy range of the giant dipole resonance (GDR) of atomic Xe. This resonance-state substructure, hidden in the linear regime, raises imminent questions regarding our understanding of the collective electronic behavior of Xe, which has been largely founded on linear spectroscopic studies. Here, we approach the collective response of Xe from a new perspective: we study directly the resonance eigenstates, and then analyze their spectroscopic manifestations. We find that linear spectroscopy captures only partial information on the resonance substructure as a result of quantum interferences. Moreover, we show that the resonance state dominating the GDR in linear spectroscopy has no adiabatic connection to the resonance state governing the corresponding cross section when multielectron interactions are neglected. Going beyond the dipoleallowed correlated electronic structure, we predict the existence of collective multipole resonances of Xe. Unlike any known collective feature in atoms, these resonances live exceptionally long (more than 100 attoseconds), thus providing a new playground for studying the collective nonlinear response of Xe using advanced light sources.
I. INTRODUCTION
Although the one-particle approximation can well describe a multielectron atom in several aspects, it fails conspicuously in some cases to capture the many-body nature of an atom. Indeed, as early as 1933, Bloch proposed the existence of plasma-like collective excitations within an atom [1] . It is well known nowadays that such collective excitations can take place during XUV onephoton ionization of heavy atoms, best showcased by the giant dipole resonance (GDR) of Xe [2] [3] [4] [5] . Upon photoabsorption, the f -wave photoelectron promoted from the inner 4d subshell is temporarily trapped close to the ion [6] , which then sets off strong particle-hole interactions. This cooperative electronic motion is typically reflected in calculations of the one-photon ionization cross section: a vast amount of theoretical investigations has shown the importance of correlations for the quantitative agreement between theory [7] [8] [9] [10] [11] [12] and experiment [13, 14] .
Even today, the GDR remains captivating, since its collective character lies at the heart of the nonlinear response of Xe to various new light sources. Not only does it lead to a striking enhancement in the high-harmonic generation (HHG) spectrum of Xe driven by intense NIR lasers [15, 16] , but it also creates an unusual charge-state distribution of Xe irradiated by XUV free-electron lasers (FELs) [17, 18] .
More recently, an experiment has been performed at * yi-jen.chen@desy.de † robin.santra@desy.de the XUV-FEL FLASH on two-photon above-threshold ionization (ATI) of Xe, taking the GDR as an intermediate step [19] . The photoemission yields were recorded as a function of the FEL intensity at two selected photon energies. A many-body theory well reproduced the measurements, and was in turn used for an in-depth study of the photoionization cross sections over a wide energy range [19] . The two-photon cross section, surprisingly, unveiled a prominent knee-type structure with two kinks, which is in sharp contrast to the single smooth hump observed in the one-photon cross section. This result provides strong evidence that there is more than one dipole-allowed, collective resonance state in the energy range of the GDR-that there are in fact two subresonances [11, 20] . A question immediately surfaces: why is this resonance-state substructure, a key indicator of electronic correlations [19, 20] , not detected by linear spectroscopy, a central tool for our understanding of the collective behavior of Xe over the past half-century [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] ?
In this paper, we answer this question by resorting to the fundamental electronic structure using the concept of resonance eigenstates. We show that only one of the two sub-resonances can be resolved by linear spectroscopy, while the other is nearly invisible as a consequence of quantum interferences. Because the linear response of Xe only reveals partial information on the correlated electronic structure, there is no contradiction between the resonance substructure and the structureless hump in the one-photon cross section. In addition, we demonstrate how many-body effects result in the emergence of the two collective sub-resonances from the one-particle resonances. It turns out that the birthing process of the correlated electronic structure deviates substantially from what would be expected from conventional linear response theory. Furthermore, we predict the existence of hitherto unknown collective multipole resonance states of the 4d −1 f type, the first unambiguous case of atomic plasmons on account of their comparatively long lifetimes. New prospects are now in sight for probing the multielectron dynamics of Xe with XUV nonlinear spectroscopy or attosecond metrology.
Before proceeding further, it is necessary to clarify what we mean by a resonance. In the theory of resonances, a resonance can be strictly identified as a discrete eigenstate of the Hamiltonian with a complex eigenenergy [21] [22] [23] [24] [25] . We therefore distinguish between a resonance in terms of the electronic structure and a resonance-like feature in the photoabsorption spectra; the latter is simply a possible manifestation of the former. Nonetheless, as a matter of convention, the acronym "GDR" is still used here to refer to the single smooth maximum in the one-photon ionization cross section of Xe.
This work extends the literature on collective electronic excitations in and beyond atomic systems in two important ways. First, we provide a unique bottom-up approach to interpret the spectroscopic data of collective excitations. We study the collective resonance states explicitly, which enables an analysis of the cross sections on a state-by-state basis. Conversely, prior research adopts a top-down approach, where the resonance states are inferred from spectroscopic features [2] [3] [4] [5] [6] . Standard linear response theory applying advanced many-body techniques has made remarkable achievements in the quantitative description of the one-photon absorption data of the GDR [8] [9] [10] [11] [12] 26] . Nevertheless, the fact that spectroscopic signals are knotty outcomes of quantum interferences among overlapping resonance and continuum states undermines their ability to reveal not only the full structural information but also the role of correlations in shaping the electronic structure.
Second, our study is, to the best of our knowledge, the first successful attempt to find collective multipole excitations in a realistic many-electron system. As far as experiment is concerned, the collective resonances of Xe under consideration are still confined to the dipole mode(s) [13] [14] [15] [17] [18] [19] . On the theory side, Ref. [27] examines the quadrupole transition matrix elements related to the np −1 f resonances of Xe in a many-body framework. Yet, as the number of np electrons is much less than that of 4d, the resonances there are basically of one-particle origin [27] . Using a mean-field model, Ref. [28] peruses the generalized cross sections connected to the 4d −1 f octupole resonance of Xe. According to the dipole case, it is no surprise that adding electronic correlations will shift the parameters of the noninteracting multipole resonances. What is unanticipated, however, is the direction in which these modifications unfold: as will be shown below, multielectron effects actually sharpen the widths of the 4d −1 f multipole resonances of Xe insomuch that they end up being at least 20 eV narrower than their dipole counterparts.
The remainder of this paper is organized as follows. Section II lays out the theoretical methodology. Section III A characterizes the fundamental electronic structure of interest, namely the 4d −1 f resonance states of Xe. Section III B illustrates how many-electron interactions trigger the rearrangement of the electronic structure and give birth to the collective resonances. Section III C shows how to dissect the one-photon cross section in a bottom-up, state-resolved manner and explains why quantum interferences block out the visibility of one sub-resonance in the vicinity of the GDR. Section III D presents a three-photon-two-color scheme that is designed specifically for probing the collective octupole resonance uncovered in this work. Section IV concludes our paper. Further information on the numerical details and on the properties of the one-particle resonances can be found in Appendix A and Appendix B, respectively. Atomic units (a.u.) are used throughout the article (|e| = m e = = 4π 0 = 1) unless otherwise stated.
II. THEORY
Here, we investigate the ab initio electronic structure in the 4d continuum of Xe by diagonalizing the N -electron Hamiltonian subjected to smooth exterior complex scaling (SES) [29] [30] [31] [32] within the wave-functionbased configuration interaction singles (CIS) many-body theory [33] [34] [35] [36] [37] . This combination has already been described in Ref. [20] , and has successfully predicted the dipole-accessible resonance substructure [20] in consistence with the knee-type structure in the two-photon ATI cross section [19] .
In CIS, we represent the nonrelativistic N -body Hamiltonian including the exact two-electron Coulomb interactions in the CIS configuration space V CIS , which comprises the Hartree-Fock (HF) ground state |Φ HF 0 and its singly excited one-particle-one-hole (1p-1h) configurations |Φ a i [38] . As the wave function ansatz is a summation over Slater determinants, CIS is able to capture essential correlation physics beyond the mean-field level [33] [34] [35] [36] [37] . Applications of CIS to processes involving the GDR can be found in Refs. [16, 19, 20, [39] [40] [41] . In particular, the quantitative capability of CIS can be seen in Refs. [19, 39, 40] .
Resonances belong to a special type of electronic structure. Due to their asymptotic divergent behavior, they are not in the Hilbert space of a Hermitian Hamiltonian [22, 25] . To circumvent this problem, SES [29] [30] [31] [32] , a variant of the well-established complex scaling theory [21] [22] [23] [24] , is employed to rigorously transform a resonance state into one single square integrable, bound-state-like eigenfunction of the scaled non-Hermitian Hamiltonian. Note that the symmetric inner product (·| , |·) instead of the Hermitian one ·| , |· must be used to assure orthogo- nality among the eigenvectors of the scaled Hamiltonian [21, 22] . Complex scaling is usually used to address resonance phenomena in few-electron systems [21] [22] [23] [24] [42] [43] [44] , but had not been used before for collective excitations in a multielectron atom as complex as Xe.
Exploiting the conservation of the total spin and total magnetic quantum numbers, the hole index i = nl ±m specifies one ionization channel [33] , and V CIS accommodates only spin-singlet 1p-1h configurations reachable by single or multiple dipole excitations of |Φ HF 0 in linearly polarized light fields [35] . The computations are carried out using our XCID package [45] . For numerical parameters please refer to Appendix A.
To systematically assess the many-body effects, we often compare the results of two scenarios: the full CIS model and a reduced intrachannel model. The genuine two-electron correlations within CIS are fully encapsulated by the interchannel-coupling Coulomb matrix elements (Φ b j |Ĥ e-e |Φ a i ) with i = j [6, 35] . It is this type of interactions that can simultaneously change the state of the photoelectron (a → b) and that of the cation (i → j), enabling the formation of an entangled particlehole pair [37] . In the intrachannel model, all the interchannel terms are set to zero, and only the intrachannel terms (Φ b i |Ĥ e-e |Φ a i ) are considered [6, 35] . The intrachannel Hamiltonian effectively acts as a one-particle nonlocal potential [37] . 
III. RESULTS
A. Characterization of the resonance eigenstates Figure 1 (a) presents the spectrum of the energy eigenvalues for the complex-scaled, non-Hermitian intrachannel Hamiltonian in close proximity to the 4d ionization threshold at 67.5 eV [46] . As stated by the BalslevCombes theorem [21, 22] , the bound states remain on the real energy axis, the continuum is rotated clockwise by twice the scaling angle (an SES parameter [20] ), and the resonances are exposed poles above the rotated continuum. The eigenenergy of each pole is the Siegert energy [22, 25] : E = Ξ − iΓ/2, with Ξ the excitation energy and Γ the inverse lifetime for the quasibound electron to escape to infinity. A group of three practically degenerate 4d
±m f ±m uncorrelated resonances [6, 7] can be seen, one for each 4d ±m channel [20] . The tiny energy splitting hints at a slight dependency of the one-particle potential on the hole alignment. Table I . Each resonance state here has a definite total orbital angular momentum quantum number L. R 1−1 and
are the two dipole sub-resonances in the spectral range of the GDR [11, 19, 20] .
were so far unknown and can be accessed only via multiphoton absorption. The 1 D and 1 G resonances are absent owing to the restrictions imposed on V CIS . Assuming electric dipole transitions for linearly polarized radiation [47] , a closed-shell ground state is allowed to go to an odd-parity excited state with only an odd L. The hole population in each resonance state [34] is primarily distributed among different 4d ±m from the outer shell [3, 6, 20] . As a result of channel mixing, the resonance wave function must be written as a coherent superposition of various 1p-1h configurations and thereby represents a collective excitation [48] . B. Many-body effects on the emergence of the correlated electronic structure
To elucidate the role of correlations in shaping the one-particle into the many-body resonance substructure, Fig. 2 illustrates how an eigenstate in the intrachannel model evolves into one in the full CIS model upon adiabatic switching of multielectron interactions. Briefly, we diagonalize the Hamiltonian gradually varying the strength of the interchannel-coupling terms
The intrachannel model is equivalent to the case where ξ = 0, and the full model to the case where ξ = 1.
First, we focus on the upper-left corner of Fig. 2 . As ξ increases, the three intrachannel resonances turn into R 1−1 , R 3 , and R 5 in the full model. At first sight, one might picture this as multiplet splitting in the subspace spanned by the three one-particle resonances. However, the formation of R 1−1 , R 3 , and R 5 is far more complicated than that and requires configuration mixing among the intrachannel resonance and continuum states. A simple way to see this is that the eigenvalues of the reduced 3 × 3 Hamiltonian with off-diagonal interchannel couplings must analytically add up to a constant for an arbitrary ξ, whereas the sum of the Ξ's for these three poles is obviously not conserved.
Interestingly, multielectron effects are particularly strong on the widths of the members of this resonance group, resulting in anomalous segregation (at least 20 eV in terms of Γ) of the broad dipole mode and the two narrow multipole modes. To date, no sustained collective excitation in atoms, or "atomic plasmon", has been foundit always carries charge density oscillations damping out more or less within a period [3, 4] . As R 3 and R 5 are relatively long-lived (with Ξ/Γ > 15), they can be justly called "atomic multipole plasmons" and are expected to give rise to distinctive signatures in XUV nonlinear spectroscopy [49] [50] [51] or attosecond pump-probe experiments [52] .
Next, let us look at the lower part of Fig. 2 . When turning on couplings, the very broad resonance R 1−2 emerges from the continuum, retains its width, and quickly becomes fairly isolated in the energy plane. The emergence of R 1−2 does not mean that correlations create an additional resonance pole. Instead, it signals that the intrachannel potential can support another group of 4d The two dipole sub-resonances R 1−1 and R 1−2 in the GDR region can be adiabatically traced back to two separate groups of one-particle resonances, whose existence was not known before. Note that it is rather unusual that a potential supports two resonance groups with distinct widths but similar excitation energies [22, 25] . Ergo, the question naturally follows as to which properties of the one-particle potential are necessary for the presence of such a double-pole structure. We find that, while the Siegert energies of the exposed intrachannel resonances can be reasonably reproduced using only the direct part of the ionic potential, the appearance of the unexposed ones requires the nonlocal exchange part, which enters the intrachannel Coulomb matrix elements (Φ b i |Ĥ e-e |Φ a i ) to leading order through a dipolar term [34, 35] . Because of this nonlocality, the origin of the double-pole structure cannot be explained by the standard notion of shape resonances and local potential barriers [6] and thus remains nontrivial. For more information please see Appendix B.
C. State-by-state analysis of the one-photon absorption cross section So far, our discussion has been centered on the fundamental 4d −1 f resonance eigenstates of Xe. We now elaborate how the intrinsic electronic structure is mapped onto spectroscopic features in the photoabsorption spectra, starting with the one-photon case relevant to the GDR.
The total one-photon absorption cross section can be constructed from the bottom up, making use of the eigenstates of the complex-scaled N -body Hamiltonian [31, 53] :
where α is the fine structure constant, D n := Cross section (Mb) Photon energy (eV) (Φ n |D z |Φ HF 0 ) is the dipole transition matrix element from the initial state |Φ HF 0 ) to an excited state |Φ n ) along the polarization axis z, and σ n (ω) defines the corresponding individual cross section. Eq. (1) enables one to dissect the total cross section into the contributions of various finalstate components. More importantly, thanks to complex scaling, each resonance state has a clear-cut contribution, since it is associated with one eigenfunction of the scaled Hamiltonian, rather than with a collection of continuum states of the unscaled Hamiltonian.
The total cross sections in the intrachannel and the full CIS models obtained using this time-independent method [see σ tot (ω) in Figs. 3(b) and 3(d)] are in excellent quantitative agreement with those evaluated using a time-dependent CIS method without complex scaling [40] . This verifies that SES does not perturb the wave functions in the physical inner region, where photoabsorption and particle-hole interactions happen. Notice that our intrachannel σ tot (ω) bears resemblance to Cooper's one-particle spectrum [7] . Also, there is reasonable quantitative agreement between the full CIS σ tot (ω) and the experimental data [40] . Figure 3 (a) displays the distribution of the squared dipole matrix elements D n 2 in polar form for the intrachannel eigenstates. For clarity, only those with |D n 2 | > 0.016 are shown. The dipole strengths cluster around two separate regions G 1 and G 2 in the complex energy plane. We thereupon analyze the effective cross section for all the states in each region, where their individual σ n (ω) overlap notably and undergo strong constructive or destructive interferences depending on the relative dipole phases. In the first region G 1 lie only the exposed intrachannel resonances. As their D n 2 are large in amplitude and nearly identical in phase, their σ n interfere constructively and bring a net contribution σ G1 (ω) that governs the narrow peak at 80 eV in σ tot (ω) [ Fig. 3(b) ]. In the second region G 2 are the continuum states with Im{E} ≈ −30 eV. Owing to the rapid phase variation in D n 2 , the σ n of those states interfere destructively. Accordingly, the effective σ G2 (ω), which implicitly contains the contributions from the unexposed intrachannel resonances, practically plays no part in σ tot . All the other states with |D n 2 | ≤ 0.016 cause the minute difference between σ G1 + σ G2 and σ tot . Figure 3 (c) is the distribution of the D n 2 for the eigenstates in the full CIS model. Similar to the intrachannel case, the dipole strengths here are also concentrated in two regions. The first region G 1 encompasses R 1−1 and the neighboring continuum states. If one assigns a net transition dipole to the continuum states, it roughly has half of the amplitude and points in the opposite direction in comparison to that of R 1−1 . Due to this destructive interference, all the states in G 1 jointly produce a weak asymmetric background σ G1 (ω) in σ tot (ω) [ Fig. 3(d) ]. In the second region G 2 resides merely one eigenstate, R 1−2 . For R 1−2 has a large transition dipole and is very isolated, its own characteristic feature σ G2 (ω) stands out without much interference and provides the major contribution to the broad hump around 100 eV in σ tot . The discrepancy between σ G1 + σ G2 and σ tot mostly stems from the continuum states with Im{E} −30 eV.
At this stage, it becomes evident that the linear response of Xe does not reveal the full landscape of the dipole-accessible electronic structure in the 4d continuum. In experimental [13, 14] and conventional theoretical [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] 26 ] studies, resonance states are known in an implicit, top-down manner-they are inferred from features in the photoabsorption spectrum. Such indi- rectness explains why the dipole-allowed resonance substructure is unbeknownst to linear spectroscopy. Because of the interferences among overlapping eigenstates, only the exposed resonance group is visible in the intrachannel total one-photon cross section, and only the broader dipole sub-resonance R 1−2 shows up as the GDR in the full CIS cross section.
In both the one-particle and the many-body onephoton absorption spectra, there is only one smooth, structureless resonance-like feature. As such, the energy up-shift and the broadening of the maximum in σ tot (ω) upon the inclusion of multielectron interactions have long been interpreted, since the seminal work of Cooper in 1964 [7] , as a correlation-induced modification of the Siegert energy of one single resonance state [7] [8] [9] [10] [11] [12] . Per contra, we find that these spectroscopic changes actually arise from switching the visibilities of two distinct resonance groups without any adiabatic connection. Whereas interchannel couplings suppress the fingerprint of the exposed intrachannel resonances by moving R 1−1 downward in the energy plane and introducing destructive interferences with nearby continuum states, they enhance the feature of the unexposed ones by moving R 1−2 horizontally away from the continuum and eliminating destructive interferences.
D. Three-photon-two-color proposal for probing the collective octupole resonance
We have analyzed the optical response attributable to the 4d dipole resonances of Xe. We now present an effective three-photon-two-color scheme that aims to unveil the response of the collective octupole resonance R 3 . Our proposal may be realized with a combination of XUV-FELs [49, 50] and lower-order HHG sources [51] . This two-color scheme has the advantage of its target selectivity: it has been shown that, on a mean-field level, a simpler three-photon-one-color scheme excites the Xe ground state predominantly to the final states with 4d −1 f ( 1 P ), but not to those with 4d −1 f ( 1 F ) [28] . In the first step of the proposed scheme, the ground state is promoted to the lowest 4d −1 nd( 1 D) Rydberg state at 64.8 eV through two-photon resonant excitation.
This requires an intense XUV source with a photon energy of 32.4 eV and a sub-eV bandwidth in order to avoid the excitation of other bound states with even parity. In the second step, the 4d −1 nd( 1 D) state absorbs one photon with a different color and goes to R 3 [4d
. This necessitates a weak source at a photon energy of 9.5 eV in the VUV. The target specificity of our scheme is rationalized by the fact that the lowest 4d −1 nd( 1 D) state has the strongest dipole transition matrix element to R 3 as compared to all the other states lying above the 4d ionization threshold.
As a proof of concept, we assume that the first excitation step generates a system in a pure state of the lowest 4d −1 nd( 1 D) state. The total one-photon absorption cross section corresponding to the second step can then be calculated by substituting the 4d Figure 4 plots the one-photon cross sections with and without the contribution of R 3 as a function of the total three-photon excitation energy relative to the Xe ground state. Comparison between the two spectra verifies that the window resonance close to 75 eV originates precisely from the target R 3 .
Note that as the current XUV-FELs [49, 50] have a typical pulse duration longer than the Auger decay time of 4d −1 [54] , the XUV and VUV pulses have to overlap in time. Experimentally, this requires the two pulses to be synchronized with femtosecond accuracy. Photoelectron spectroscopy can help to disentangle the signal of R 3 from the background due to XUV or VUV absorption of the valence electrons. The kinetic energy of the photoelectron associated with the final state R 3 is 6.8 eV. Close to this energy, XUV one-photon ionization of the 5s subshell can yield a photoelectron carrying a kinetic energy of 9.1 eV. By further measuring the angular-resolved photoelectron distribution, it is feasible to separate the contribution of the target (with an f -wave character) from that of the background (with a p-wave character). On the theory side, the temporal overlap of the two pulses means that further studies on the cross section that take into account the effects of virtual excitations are expected to improve the quantitative details presented here.
IV. CONCLUSION
Summarizing, this paper tackles the collective resonances in the 4d subshell of Xe at the most fundamental level of the correlated electronic structure. Direct knowledge of the resonance eigenstates from first principles is made possible by employing the SES procedure within the wave-function-based many-body CIS theory. By explicitly tracking the adiabatic evolution of the resonance states, we demonstrate the diverse role of electronic correlations in the formation of various types of 4d −1 f collective resonances. By examining the one-photon cross section in a bottom-up, state-resolved fashion, we show that linear spectroscopy reflects only partial information of the dipole-allowed resonance-state substructure as a result of interference effects. Combining the results of the adiabatic trajectories and the cross section analysis, we find that, when going from Cooper's one-particle spectrum to the experimental data, the spectroscopic changes cannot be obtained by adding correlations to one resonance eigenstate; they are signatures of swapping the visibilities of two individual resonances without any adiabatic connection. Moreover, we predict the existence of atomic multipole plasmons, which holds promise for accessing the dynamics of Xe under the intertwined effects of collectivity and nonlinearity, a barely explored territory [3] .
Finally, we point out that a recent experiment has applied attosecond pump-probe techniques to detect shape resonances in molecular valence orbitals [55] . With a newly achieved experimental timing capability down to a few attoseconds [56] , it may be well expected that experiments of this kind will offer a test ground for our results in real time. Beginning with the prototypical collective excitations in atomic systems, the insights and methodology in this work pave the way towards a deeper understanding of the collective response of matter to light-from the linear to the nonlinear regime.
• Active ionization channels i [35] include all the orbitals in the 4d, 5s, and 5p subshells. The orbital energies of 4d [46, 54] , 5s [57] , and 5p [57] are slightly adjusted by hand to match the experimental values.
• We follow the SES path in Refs. [20, 32] for the analytic continuation of the electron radial coordinate into the complex plane. For Figs. 1, 2 , and 3, the scaling starts at r 0 = 8 a.u., the rotation angle θ is 36
• , and the smoothing parameter λ is 1 a.u.. These parameters are required to expose all the physically relevant resonance poles and to prevent the continuum branching artifact [58] . In order to ensure the Xe ground state is unperturbed by the scaling, we examine the results by varying the SES parameters over a sensible range, e.g., r 0 between 8 and 20 a.u. and θ between 35 and 44.5
• .
By doing so, we estimate an uncertainty of 0.5 eV for the Siegert energies shown in Table I .
• The second group of intrachannel resonances (with Re{E} ≈ 70 eV, Im{E} ≈ −30 eV as indicated by the black crosses in Fig. 2 ) cannot be exposed using the above θ = 36
• . Their Siegert energies are calculated with an even larger scaling angle θ = 44
• . The reason why we keep them unexposed is because such a large scaling angle, although it has little influence on the Siegert energies, does impair the quality of the resonance and continuum wave functions and thus the quality of the photoabsorption cross sections.
• The SES parameter r 0 = 8 a.u. used for Figs. 1, 2, and 3 perturbs the lowest 4d −1 nd( 1 D) Rydberg state in the three-photon-two-color scheme of Sec. III D. For Fig. 4 , we therefore use a more moderate r 0 = 20 a.u.. This also makes sure that the atomic multipole plasmons predicted in this work are independent of the numerical parameters and are thus not numerical artifacts.
• We adopt the nonuniform radial grid in Ref. [34] :
the radial grid size r max is 250 a.u.; the mapping parameter ζ is 1 a.u.; the number of grid points N is 1800. The radial basis functions are constructed using the finite-element discrete-variable representation described in Ref. [32] .
• The maximum orbital angular momentum quantum number l max [35] is 4.
• Numerical diagonalization of the N -electron Hamiltonian is done by the Arnoldi iteration using the ARPACK library [59] . An initial random vector is used to launch the iteration.
• To construct the total one-photon absorption cross sections σ tot (ω) in Figs. 3(b) and 3(d), we include the contributions of all the eigenstates with an excitation energy between 60 and 200 eV. We evaluate the dipole transition matrix elements D n using the dipole operator in the velocity form [33] . As shown by a CIS wave-packet calculation without complex scaling, the velocity form predicts a one-photon absorption spectrum in closer agreement with the experimental data [40, 60] .
Appendix B: Properties of the double-pole structure in the one-particle limit
The double-pole structure in our noninteracting model, i.e., the exposed and the unexposed intrachannel resonance groups in Fig. 2 , comes as a surprising result. Since destructive interferences forbid the unexposed resonance group to be seen in Cooper's one-particle spectrum [7] , its presence was previously unknown. In addition, it is rather unusual that a potential can support various resonance groups with distinct decay widths yet similar excitation energies [22, 25] . Following this observation, we hence investigate the properties of the one-particle potential necessary for the existence of such a double-pole structure. This is also a first step towards understanding the different roles collectivity plays in forming R 1−1 and R 1−2 , respectively.
In the main text, we ascribe the appearance of the double-pole structure to the nonlocal nature of the ionic potential. In this appendix, we provide numerical evidence to support this statement.
Methodology
We do not explicitly construct the effective one-particle potential here. Nevertheless, the properties of the potential can be tuned implicitly by manipulating the intrachannel-coupling Coulomb matrix elements [35, 36] . Within CIS, the part of the N -body Hamiltonian that contains the residual electron-ion interactions beyond the description of the mean-field HF potential is [35, 36] :
In the intrachannel model, we consider only the matrix elements of the type (Φ b i |Ĥ e-e |Φ a i ). This one-body part ofĤ e-e corresponds to the picture of an excited electron moving in the presence of an attractive ionic potential [35, 36] .
In the following, we analyze two scenarios that impose further restrictions on the intrachannel-coupling terms. Because the behaviors of different 4d ±m ionization channels are much alike, we only show the results for the 4d ±1 channel. The calculations are done using a scaling angle of θ = 44.5
• , which can directly expose both resonance groups in the intrachannel model. This is also the largest possible scaling angle for our SES procedure: any scaling angle bigger than that will lead to noticeable perturbation of the Xe ground state.
Importance of the ionic potential
In the first scenario, we simply switch off the residual intrachannel Coulomb interactions, so the one-particle potential reduces to the HF potential of a neutral Xe atom. Figure 5 shows the comparison between the SES energy spectrum in the HF model and that in the intrachannel model. The intrachannel model gives rise to the double-pole structure, while the HF model predicts only one 4d
±1 f ±1 resonance. Apparently, the doublepole structure, or more specifically the shorter-lived resonance, cannot be captured by the short-range potential of neutral Xe and requires the long-range potential of Xe + . In the next step, we divide the ionic potential into various components and then discuss their individual impacts.
Importance of the exchange ionic potential
To tackle the Coulomb integrals in Eq. (B1), we perform the multipole expansion [34] :
For explanations of the notations, please see Ref. [34] . In the intrachannel model, the direct Coulomb matrix elements read [33, 35] :
and the exchange terms read [33, 35] : 
In these expressions, φ i denotes a hole orbital occupied in the HF ground state, and φ a and φ b symbolize virtual orbitals of the excited electron [33] . The angular parts of the orbitals are expressed in terms of spherical harmonics [34] . For an f -wave intrachannel resonance of a specific 4d mi channel, l i = 2, l a = l b = 3, and m i = m a = m b . According to the addition of angular momenta, we only have to consider the cases with M = 0. More importantly, due to the parity of spherical harmonics, the direct terms are nonzero only for an even L, and the exchange terms are nonzero only for an odd L. Thus, as one carries out a multipole expansion of the intrachannel Coulomb matrix elements, not only does one divide the photoelectron-ion interactions based on the angular features, but one also separates the local direct part of the ionic potential from the nonlocal exchange part. Figure 6 illustrates the emergence of the double-pole structure in the intrachannel model when including up to the L max -th order term in the multipole expansion of the intrachannel Coulomb matrix elements. With exclusively the monopolar L = 0 term, the leading order contribution of the direct interactions, there is only the longerlived uncorrelated resonance but not the shorter-lived one. However, as soon as one adds in the dipolar L = 1 term, the leading order contribution of the exchange interactions, the double poles with almost the same Re{E} but very different Im{E} immediately spring up. Putting in even higher order terms only causes small perturbations of the Siegert energies of the two resonances, which are converged for L ≥ 5.
As substantiated by Fig. 6 , the appearance of the double-pole structure in the one-particle limit is an immediate consequence of the exchange ionic potential sensed by the photoelectron, which enters the intrachannel Coulomb matrix elements to leading order through a dipolar term. Due to the sensitivity to such nonlocality, the shorter-lived resonance cannot be trivially explained by the notion of shape resonances, which portrays an outgoing electron as being trapped by a local angular momentum barrier [6] . As a final remark, we point out that the monopolar component of the ionic potential, which represents a simple central field V (r), is insufficient for the description of the double-pole structure.
